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Abstract
By the method of classical potential theory we obtain an integral repre-
sentation of the two-parameter semigroup of operators that describes an in-
homogeneous Feller process on a line that is a result of pasting together two
diffusion processes with the nonlocal boundary condition of non-transversal
type.
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1. Introduction
Let Di = {x ∈ R : (−1)ix > 0}, i = 1, 2, be the two domains on the line R with
the common boundary S = {0} and the closures Di = Di ∪ {0}, and let T > 0 be
fixed. If Γ is Di or R, then we denote by Cb(Γ) a Banach space of all functions
ϕ(x), real-valued, bounded and continuous on Γ with the norm
‖ϕ‖ = sup
x∈Γ
|ϕ(x)|,
and by C2(Γ) the set of all functions ϕ, bounded and uniformly continuous on Γ
together with their first- and second-order derivatives. Let ϕi be the restriction of
any function ϕ ∈ Cb(R) to Di.
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Assume that an inhomogeneous diffusion process is given in Di, i = 1, 2, and
it is generated by a second-order differential operator A(i)s , s ∈ [0, T ], with the
domain of definition C2(Di):
A(i)s ϕi(x) =
1
2
bi(s, x)
d2ϕi(x)
dx2
+ ai(s, x)
dϕi(x)
dx
, i = 1, 2, (1.1)
where the diffusion coefficient bi(s, x) and the drift coefficient ai(s, x) satisfy the
conditions:
1) there exist the constants b and B such that 0 < b ≤ bi(s, x) ≤ B for all
(s, x) ∈ [0, T ]×Di;
2) the function ai(s, x) is bounded on [0, T ]×Di;
3) for all s, s′ ∈ [0, T ], x, x′ ∈ Di the next inequalities hold:
|bi(s, x)− bi(s′, x′)| ≤ c
(|s− s′|α2 + |x− x′|α) ,
|ai(s, x)− ai(s′, x′)| ≤ c
(|s− s′|α2 + |x− x′|α) ,
where c and α are the positive constants, 0 < α < 1.
Assume also that at the zero point the boundary operator Ls is defined by the
formula
Lsϕ(0) = γ(s)ϕ(0) +
∫
D1∪D2
[ϕ(0)− ϕ(y)]µ(s, dy), s ∈ [0, T ], (1.2)
where the function γ and the measure µ satisfy the following conditions:
a) the function γ(s) is nonegative and Hölder continuous, with exponent 1+α2 ,
on [0, T];
b) µ(s, ·) is a nonnegative measure onD1∪D2 such that 0 < µ(s,D1∪D2) <∞,
s ∈ [0, T ], and for all the functions f , bounded and measurable in R, the
integrals
G
(i)
f (s) =
∫
Di
fi(y)µ(s, dy), i = 1, 2,
are Hölder continuous, with exponent 1+α2 , on [0, T ].
Note that the operator Ls is a particular case of Feller-Wentzell boundary oper-
ator ([1, 2]) which describes the behavior of a diffusion particle at the time when it
reaches the origin. Its terms γ(s)ϕ(0) and
∫
D1∪D2
[ϕ(0)−ϕ(y)]µ(s, dy) are supposed
to correspond to the absorption phenomenon, and the inward jump phenomenon
from the boundary, respectively.
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The problem is to clarify the question of existence of the two-parameter semi-
group of operators Tst, 0 ≤ s < t ≤ T, describing the inhomogeneous Feller process
in R such that in the domains D1 and D2 it coincides with the given diffusion pro-
cesses generated by A(1)s and A
(2)
s , respectively, and its behavior at the point zero
is determined by the boundary condition
Lsϕ(0) = 0. (1.3)
This problem is also often called a problem of pasting together two diffusion pro-
cesses on a line or a problem of the mathematical modeling of the diffusion phe-
nomenon on a line with a membrane placed in a fixed point (see [3, 4]).
The investigation of the problem formulated above is performed by the analyt-
ical methods. Such an approach ([3]–[10]) permits to determine the required oper-
ator family by means of the solution of the corresponding problem of conjugation
for a linear parabolic equation of the second order with variable coefficients, dis-
continuous at the zero point. This problem is to find a function u(s, x, t) = Tstϕ(x)
satisfying the following conditions:
∂u(s, x, t)
∂s
+A(i)s u(s, x, t) = 0, 0 ≤ s < t ≤ T, x ∈ Di, i = 1, 2, (1.4)
lim
s↑t
u(s, x, t) = ϕ(x), x ∈ D1 ∪D2, (1.5)
u(s, 0−, t) = u(s, 0+, t), 0 ≤ s < t ≤ T, (1.6)
Lsu(s, 0, t) = 0, 0 ≤ s < t ≤ T, (1.7)
where ϕ ∈ Cb(R) is the given function. As we see, the condition (1.6) is the
consequence of the Feller property of the required semigroup Tst, and the equality
(1.7) corresponds to the non-transversal nonlocal boundary condition of Feller-
Wentzell (1.2), (1.3). Note that in the transversal case (i.e., when the boundary
condition of Feller-Wentzell includes the local terms of the orders higher than the
order of the nonlocal one) the conjugation problem (1.4)–(1.7) was studied in [10]
(cf. also [7, 8]).
A classical solvability of the problem (1.4)–(1.7) is established by the bound-
ary integral equations method with the use of the ordinary parabolic simple-layer
potentials that are constructed using the fundamental solutions of the uniformly
parabolic operators. Application of this method permits us not only to prove the
existence of the solution of the problem (1.4)–(1.7), but also to obtain its integral
representation. It is necessary to note that we derived a generalization of the cor-
responding result obtained earlier in [6], where a similar problem was analyzed for
the case of homogeneous diffusion processes. Furthermore, the boundary condition
(1.3) considered there, had no term corresponding to the termination of the process
at the zero point. The present paper can be also treated as a generalization of the
work [9] devoted to construction of the two-parameter Feller semigroup that de-
scribes an inhomogeneous diffusion process on a half-line with the non-transversal
nonlocal boundary condition of Feller-Wentzell.
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We should also mention the works [11, 12, 13], where the problem of constructing
of mathematical models of diffusion processes in mediums with membranes was
studied by the methods of stochastic analysis.
2. Auxiliary propositions
Consider the Kolmogorov backward equations (1.4) (i = 1, 2). Assume that their
coefficients ai(s, x) and bi(s, x) are defined on [0, T ] × R and in this domain they
satisfy conditions 1)–3). These conditions imply the existence of the fundamental
solutions of equations (1.4) in the domain [0, T ] × R, i.e., the existence of the
functions Gi(s, x, t, y) defined for 0 ≤ s < t ≤ T, x, y ∈ R such that:
• they are jointly continuous;
• for fixed t ∈ (0, T ], y ∈ R they satisfy equations (1.4);
• for any function ϕ ∈ Cb(R) and any t ∈ (0, T ], x ∈ R
lim
s↑t
∫
R
Gi(s, x, t, y)ϕ(y)dy = ϕ(x).
Recall that (see [3, Ch. II, §2], [5, Addendum, §6], [14, Ch. IV, §§11–13]) the
functionsGi(s, x, t, y) are nonnegative, continuously differentiable with respect to s,
twice continuously differentiable with respect to x and for 0 ≤ s < t ≤ T, x, y ∈ R
the following estimations hold:
|DrsDpxGi(s, x, t, y)| ≤ c(t− s)−
1+2r+p
2 exp
{
−h (y − x)
2
t− s
}
, (2.1)
where r and p are the nonnegative integers such that 2r+ p ≤ 2; Drs is the partial
derivative with respect to s of order r; Dpx is the partial derivative with respect to x
of order p; c, h are positive constants1. Furthermore, Gi(s, x, t, y) are represented
as
Gi(s, x, t, y) = Zi0(s, y − x, t, y) + Zi1(s, x, t, y),
where
Zi0(s, x, t, y) = [2pibi(t, y)(t− s)]−
1
2 exp
{
− (y − x)
2
2bi(t, y)(t− s)
}
,
and the functions Zi1(s, x, t, y) satisfy the inequalities
|DrsDpxZi1(s, x, t, y)| ≤ c(t− s)−
1+2r+p−α
2 exp
{
−h (y − x)
2
t− s
}
, (2.2)
1We will subsequently denote various positive constants by the same symbol c (or h).
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where 0 ≤ s < t ≤ T, x, y ∈ R, 2r + p ≤ 2, α is the constant in 3).
Given the fundamental solutions Gi, i = 1, 2, we define the parabolic potentials
that will be used to solve the problem (1.4)-(1.7), namely the Poisson potentials
ui0(s, x, t) =
∫
R
Gi(s, x, t, y)ϕ(y)dy, 0 ≤ s < t ≤ T, x ∈ R,
and the simple-layer potentials
ui1(s, x, t) =
t∫
s
Gi(s, x, τ, 0)Vi(τ, t, ϕ)dτ, 0 ≤ s < t ≤ T, x ∈ R, (2.3)
where ϕ is the function in (1.5), and Vi(s, t, ϕ), i = 1, 2, are arbitrary functions,
continuous in 0 ≤ s < t ≤ T for which the integrals on the right side of (2.3) exist.
Note that (see [3, Ch. II, §3], [14, Ch. IV]) the functions ui0, ui1, i = 1, 2, are
continuous in 0 ≤ s < t ≤ T, x ∈ R and satisfy the equations (1.4) in the domains
(s, x) ∈ [0, t)×R, (s, x) ∈ [0, t)×(D1 ∪D2), respectively, and the initial conditions
lim
s↑t
ui0(s, x, t) = ϕ(x), x ∈ R,
lim
s↑t
ui1(s, x, t) = 0, x ∈ D1 ∪D2.
Furthermore, for the potentials ui0, i = 1, 2, the following estimations are valid:
|DrsDpxui0(s, x, t)| ≤ c‖ϕ‖(t− s)−
2r+p
2 , (2.4)
where 0 ≤ s < t ≤ T, x, y ∈ R, 2r + p ≤ 2.
We will also use the next lemma.
Lemma 2.1. Let Qf (s), s ∈ [0, T ] be a family of linear functionals defined on
Cb(R) such that for all f ∈ Cb(R) the functions Qf (s) are Hölder continuous with
the same exponent β ∈ (0, 1) on a closed interval [0, T ]. Then for every M > 0
there exist a common constant c > 0 such that for all the functions f ∈ Cb(R),
bounded by M and for all s, s′ ∈ [0, T ] the inequality
|Qf (s)−Qf (s′)| ≤ c|s− s′|β
holds.
Proof. f 7→ |s− s′|−β (Qf (s)−Qf (s′)), for s 6= s′ ∈ [0, T ] is a pointwise bounded
family of linear functionals, hence it is uniformly bounded, which is the statement.
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3. Parabolic conjugation problem
In this section by the boundary integral equations method we establish the classical
solvability of the problem (1.4)–(1.7).
Theorem 3.1. Assume that the coefficients of the operators A(i)s , i = 1, 2, the
function γ and the measure µ satisfy conditions 1)-3) and a), b). Then for any
function ϕ ∈ Cb(R) the problem (1.4)–(1.7) has a unique solution
u(s, x, t) ∈ C1,2([0, t)×D1 ∪D2) ∩ C([0, t)× R).
Furthermore,
|u(s, x, t)| ≤ c‖ϕ‖, 0 ≤ s < t ≤ T, (3.1)
and this solution is represented as
u(s, x, t) = ui0(s, x, t) + ui1(s, x, t), x ∈ Di, i = 1, 2, 0 ≤ s < t ≤ T, (3.2)
where a pair of functions (V1, V2) in (u11, u21) is a solution of some system of
Volterra integral equations of the second kind.
Proof. We find a solution of the problem (1.4)-(1.7) of the form (3.2) with the
unknown functions Vi to be determined. Without loss of generality we may assume
that
µ(s,D1 ∪D2) ≡ 1.
Therefore, the condition (1.7) reduces to
(γ(s) + 1)u(s, 0, t)−
∫
D1∪D2
u(s, y, t)µ(s, dy) = 0, 0 ≤ s < t ≤ T. (3.3)
If we substitute (3.2) into (3.3) then, upon using the relation (1.6), we get the
following system of Volterra integral equations of the first kind for Vi:
Φi(s, t, ϕ) = (γ(s) + 1)
t∫
s
Gi(s, 0, τ, 0)Vi(τ, t, ϕ)dτ−
−
2∑
j=1
t∫
s
∫
Dj
Gj(s, y, τ, 0)µ(s, dy)
Vj(τ, t, ϕ)dτ, i = 1, 2, (3.4)
where
Φi(s, t, ϕ) =
2∑
j=1
∫
Dj
uj0(s, y, t)µ(s, dy)− (γ(s) + 1)ui0(s, 0, t), i = 1, 2.
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Now we have to reduce (3.4) to an equivalent system of Volterra integral equa-
tions of the second kind. For this purpose we consider the Holmgren’s operator
E(s, t)F =
√
2
pi
d
ds
t∫
s
(ρ− s)− 12F (s, t, ϕ)dρ, 0 ≤ s < t ≤ T
and apply it to the both sides of each equation in (3.4). After some straightforward
simplifications, we get
E(s, t)Φi =− Vi(s, t, ϕ)√
bi(s, 0)
+
√
2
pi
d
ds
t∫
s
(
I
(1)
i (s, τ) +
√
pi
2bi(τ, 0)
· γ(s)
)
Vi(τ, t, ϕ)dτ−
−
√
2
pi
d
ds
2∑
j=1
t∫
s
I
(2)
j (s, τ)Vj(τ, t, ϕ)dτ, i = 1, 2, (3.5)
where
I
(1)
i (s, τ) =
1√
2pibi(τ, 0)
τ∫
s
(ρ− s)− 12 (τ − ρ)− 12 (γ(ρ)− γ(s))dρ+
+
τ∫
s
(ρ− s)− 12 (γ(ρ) + 1)Zi1(ρ, 0, τ, 0)
]
dρ, i = 1, 2,
I
(2)
i (s, τ) =
τ∫
s
(ρ− s)− 12 dρ
∫
Di
Gi(s, y, τ, 0)µ(ρ, dy), i = 1, 2.
In view of the properties a), b) of the function γ and the measure µ, respectively,
as well as the inequalities (2.1), (2.2), it is easy to verify that
lim
s↑τ
I
(1)
i (s, τ) = 0, lim
s↑τ
I
(2)
i (s, τ) = 0, i = 1, 2.
Hence (3.5) can be reduced to the following system of Volterra integral equations
of the second kind:
Vi(s, t, ϕ) =
2∑
j=1
t∫
s
Kij(s, τ)Vj(τ, t, ϕ)dτ + Ψi(s, t, ϕ), i = 1, 2, (3.6)
where
Kii(s, τ) =
ri(s)
2
√
2pibi(τ, 0)
τ∫
s
(ρ− s)− 32 (τ − ρ)− 12 (γ(ρ)− γ(s))dρ+
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+ ri(s)
d
ds
τ∫
s
(ρ− s)− 12
[
(γ(ρ) + 1)Zi1(ρ, 0, τ, 0)−
∫
Di
Gi(ρ, y, τ, 0)µ(ρ, dy)
]
dρ, i = 1, 2,
Kij(s, τ) = −ri(s) d
ds
τ∫
s
(ρ− s)− 12 dρ
∫
Dj
Gj(ρ, y, τ, 0)µ(ρ, dy), i, j = 1, 2, i 6= j,
Ψi(s, t, ϕ) = −ri(s)
√
pi
2
E(s, t)Φi, ri(s) = 1
γ(s) + 1
√
2bi(s, 0)
pi
, i = 1, 2.
Let us show that there exist a solution of the system of equations (3.6) which
can be obtained by the method of successive approximations
Vi(s, t, ϕ) =
∞∑
k=0
V
(k)
i (s, t, ϕ), 0 ≤ s < t ≤ T, i = 1, 2, (3.7)
where
V
(0)
i (s, t, ϕ) = Ψi(s, t, ϕ),
V
(k)
i (s, t, ϕ) =
2∑
j=1
t∫
s
Kij(s, τ)V
(k−1)
j (τ, t, ϕ)dτ, k = 1, 2, . . . .
For this purpose, we have first to estimate the functions Ψi and the kernels Kij in
(3.6).
Consider the functions Ψi(s, t, ϕ). Calculating the derivatives on the right side
of their expressions, we obtain (i = 1, 2):
Ψi(s, t, ϕ) = ri(s)Φi(s, t, ϕ)(t− s)− 12
− ri(s)
2
t∫
s
(ρ− s)− 32 (Φi(ρ, t, ϕ)− Φi(s, t, ϕ)) dρ. (3.8)
Denote by Ψi1 and Ψi2 the first and second terms in (3.8), respectively. Using
the estimation
|Φi(s, t, ϕ)| ≤ c‖ϕ‖, (3.9)
that follows easily from the inequalities (2.4) (when r = p = 0), we find that
|Ψi1(s, t, ϕ)| ≤ c‖ϕ‖(t− s)− 12 . (3.10)
In order to estimate Ψi1(s, t, ϕ) we consider first the increments Φi(ρ, t, ϕ) −
Φi(s, t, ϕ) and write them in the form
Φi(ρ, t, ϕ)− Φi(s, t, ϕ) = Ni1(s, ρ, t, ϕ) +N2(s, ρ, t, ϕ),
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where
Ni1 =
2∑
j=1
∫
Dj
[uj0(ρ, y, t)− uj0(s, y, t)]µ(ρ, dy)− (γ(s) + 1)[ui0(ρ, 0, t)− ui0(s, 0, t)],
(3.11)
N2 =
2∑
j=1
∫
Dj
uj0(s, y, t)(µ(ρ, dy)− µ(s, dy)).
Expressing by the Lagrange formula the increments uj0(ρ, y, t)−uj0(s, y, t), j =
1, 2, and ui0(ρ, 0, t)− ui0(s, 0, t) in (3.11) in terms of the values of their derivatives
at the intermediate points and then using the inequalities (2.4), after some straight-
forward simplifications, we deduce that
|Ni1(s, ρ, t, ϕ)| ≤ c‖ϕ‖(t− ρ)−1(ρ− s), 0 ≤ s < ρ < t ≤ T. (3.12)
Let us now estimate N2. Note that uj0(s, y, t), j = 1, 2, as functions of y,
belong to a class Cb(R) and are bounded by M = ‖ϕ‖. Hence, by Lemma 1,∣∣∣∣∣∣∣
∫
Dj
uj0(s, y, t)(µ(ρ, dy)− µ(s, dy))
∣∣∣∣∣∣∣ ≤ c‖ϕ‖(ρ− s)
1+α
2 ,
and hence,
|N2(s, ρ, t, ϕ)| ≤ c‖ϕ‖(ρ− s)
1+α
2 , 0 ≤ s < ρ < t ≤ T. (3.13)
Combining (3.12) and (3.13), we obtain
|Φi(ρ, t, ϕ)− Φi(s, t, ϕ)| ≤ c‖ϕ‖
[
(t− ρ)−1(ρ− s) + (ρ− s) 1+α2
]
. (3.14)
Further, using the inequalities (3.9) and (3.14), we get
|Ψi2(s, t, ϕ)| ≤ c‖ϕ‖
s+t
2∫
s
[(
t− s+ t
2
)−1
(ρ− s)− 12 + (ρ− s)−1+α2
]
dρ
+ c‖ϕ‖
t∫
s+t
2
(ρ− s)− 32 dρ ≤ c‖ϕ‖(t− s)− 12 . (3.15)
Combining (3.10) and (3.15), we conclude that
|Ψi(s, t, ϕ)| ≤ c0‖ϕ‖(t− s)− 12 , 0 ≤ s < t ≤ T. (3.16)
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Proceeding by the same considerations2 as ones leading to the estimation (3.16)
we can also investigate the kernels Kij(s, τ) in (3.6). We find the following result:
the kernels Kij(s, τ), i, j = 1, 2, can be represented as
Kij(s, τ) = K˜ij(s, τ) +Kij(s, τ), 0 ≤ s < τ < t ≤ T, (3.17)
where
K˜ij(s, τ) = −ri(s)
√
pibj(τ, 0)
2
∫
Dj,δ
∂Zj0
∂y
(s, y, τ, 0)µ(s, dy),
and K(2)ij (s, τ) satisfy the inequality∣∣Kij(s, τ)∣∣ ≤ h(δ)(τ − s)−1+α2 . (3.18)
Here δ, h(δ) are any positive number and some constant depending on δ, respec-
tively; Dj,δ = {y ∈ Dj : |y| < δ}. It is seen that Kij have non-integrable singular-
ity, which is caused by K˜ij , and therefore we do not know yet whether a solution
of (3.6) exists, i.e., whether the series (3.7) converges. For this reason, using (3.16)
and (3.17), we try to estimate each term V (k)i of series (3.7) and then to prove the
convergence of (3.7).
Consider first the functions V (1)i . We can write
V
(1)
i (s, t, ϕ) =
2∑
j=1
t∫
s
Kij(s, τ)V
(0)
i (τ, t, ϕ)dτ =
2∑
j=1
t∫
s
K˜ij(s, τ)Ψi(τ, t, ϕ)dτ
+
2∑
j=1
t∫
s
Kij(s, τ)Ψi(τ, t, ϕ)dτ = V
(1)
i1 + V
(1)
i2 . (3.19)
Using (3.16) and (3.18), we get∣∣∣V (1)i2 (s, t, ϕ)∣∣∣ ≤ 2c0h(δ)‖ϕ‖Γ (α2 )Γ ( 12)Γ ( 1+α2 ) (t− s)− 1−α2 , (3.20)
where c0 and h(δ) are the constants in (3.16) and (3.18), respectively.
For the functions V (1)i1 we have∣∣∣V (1)i1 (s, t, ϕ)∣∣∣ ≤
≤ c0‖ϕ‖ri(s)
√
pi
2
2∑
j=1
t∫
s
(t− τ)− 12
√
bj(τ, 0)dτ
∫
Dj,δ
∣∣∣∣∂Zj0∂y (s, y, τ, 0)
∣∣∣∣µ(s, dy) ≤
2For further details cf. [9]
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≤ c0‖ϕ‖ri(s)
2b
2∑
j=1
t∫
s
(t− τ)− 12 (τ − s)− 32 dτ
∫
Dj,δ
|y|e− y
2
2B(τ−s)µ(s, dy) =
= c0‖ϕ‖ri(s)
2b
2∑
j=1
∫
Dj,δ
|y|e− y
2
2B(t−s)µ(s, dy)
t∫
s
(t− τ)− 12 (τ − s)− 32 e− y
2
2B(t−s) · t−ττ−s dτ.
(3.21)
The change of variables z = t−ττ−s in the inner integral in the last relation in (3.21)
leads to∣∣∣V (1)i1 (s, t, ϕ)∣∣∣ ≤
≤ c0‖ϕ‖ri(s)
2b
(t− s)−1
2∑
j=1
∫
Dj,δ
|y|e− y
2
2B(t−s)µ(s, dy)
∞∫
0
z−
1
2 e−
y2
2B(t−s) zdz ≤
≤ c0‖ϕ‖B
b
(t− s)− 12
2∑
j=1
∫
Dj,δ
e−
y2
2B(t−s)µ(s, dy) ≤
≤ c0‖ϕ‖B
b
(t− s)− 12 max
s∈[0,T ]
µ (s,D1,δ ∪D2,δ) . (3.22)
Combining (3.20) and (3.22), we arrive at the inequality∣∣∣V (1)i (s, t, ϕ)∣∣∣ ≤
≤ c0‖ϕ‖(t− s)− 12
(
2h(δ)T
α
2 Γ
(
α
2
) · Γ ( 12)
Γ
(
1+α
2
) + B
b
max
s∈[0,T ]
µ (s,D1,δ ∪D2,δ)
)
.
Next, by mathematical induction method, we prove that the terms V (k)i of series
(3.7) satisfy the inequalities∣∣∣V (k)i (s, t, ϕ)∣∣∣ ≤ c‖ϕ‖(t− s)− 12 k∑
n=0
Cnk · a(k−n)m(δ)n, k = 0, 1, 2, (3.23)
where
a(n) =
(
2h(δ)T
α
2 Γ
(
α
2
))n · Γ ( 12)
Γ
(
1+nα
2
) , n = 0, 1, 2, . . . , k,
m(δ) =
B
b
max
s∈[0,T ]
µ (s,D1,δ ∪D2,δ) .
Let us fix δ = δ0 such that, m(δ0) < 1. Then in view of (3.23), we have
∞∑
k=0
∣∣∣V (k)i (s, t, ϕ)∣∣∣ ≤ c0‖ϕ‖(t− s)− 12 ∞∑
k=0
k∑
n=0
Cnk a
(k−n)m(δ0)n =
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= c0‖ϕ‖(t− s)− 12
∞∑
k=0
a(k)
∞∑
n=0
Cnk+nm(δ0)
n =
= c0‖ϕ‖(t− s)− 12
∞∑
k=0
a(k)
(1−m(δ0))k+1 =
= c0‖ϕ‖(t− s)− 12
∞∑
k=0
(
h(δ0)
1−m(δ0)T
α
2 Γ
(
α
2
))k
Γ
(
1+kα
2
) · Γ( 12 )
1−m(δ0) . (3.24)
The estimation (3.24) ensures the absolute and uniform convergence of series
(3.7). This means that the functions Vi(s, t, ϕ), i = 1, 2, exist. Furthermore, they
are continuous in 0 ≤ s < t ≤ T and satisfy the inequality
|Vi(s, t, ϕ)| ≤ c‖ϕ‖(t− s)− 12 , 0 ≤ s < t ≤ T. (3.25)
Using estimations (2.1), (2.4) and (3.25) we derive the existence of a solution
u(s, x, t), 0 ≤ s < t ≤ T of conjugation problem (1.4)-(1.7) which is of the form
(3.2), satisfies inequality (3.1) and belongs to C1,2([0, t)×D1 ∪D2)∩C([0, t)×R).
Thus, in order to complete the proof of the theorem it remains to prove the
uniqueness of the solution of the conjugation problem (1.4)-(1.7). For this purpose,
it suffices to note that the constructed function u(s, x, t) in each of two domains
0 ≤ s < t ≤ T, x ∈ D1 and 0 ≤ s < t ≤ T, x ∈ D2 can be treated as a unique
solution to the following first boundary-value parabolic problem:
∂ω(s, x, t)
∂s
+A(i)s ω(s, x, t) = 0, 0 ≤ s < t ≤ T, x ∈ Di, i = 1, 2,
lim
s↑t
ω(s, x, t) = ϕ(x), x ∈ Di, i = 1, 2,
ω(s, 0, t) =
1
γ(s) + 1
∫
D1∪D2
u(s, y, t)µ(s, dy), 0 ≤ s < t ≤ T.
The proof of Theorem 1 is now complete.
Remark 3.2. Let, in addition to the conditions of Theorem 1, the fitting condition
Ltϕ(0) = 0,
holds, then the solution u of the problem (1.4)-(1.7) constructed in Theorem 1
belongs to
C1,2([0, t)×D1 ∪D2) ∩ C([0, t]× R).
4. Process with absorptions and jumps
Suppose that the conditions of Theorem 1 hold and consider the two-parameter
family of linear operators Tst, 0 ≤ s < t ≤ T , acting on the function ϕ ∈ Cb(R) by
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the formula
Tstϕ(x) =
∫
R
Gi(s, x, t, y)ϕ(y)dy +
t∫
s
Gi(s, x, τ, 0)Vi(τ, t, ϕ)dτ, (4.1)
where the pair of functions (V1, V2) is the solution of (3.6).
We introduce the subspace CL(R) of Cb(R) which consists of all ϕ ∈ Cb(R) with
Ltϕ(0) = 0. It is easily seen that the space CL(R) is closed in Cb(R), and so it is
a Banach space. Furthermore, it is invariant under the operators Tst, i.e.,
ϕ ∈ CL(R) =⇒ Tstϕ ∈ CL(R).
Let us study properties of the operator family Tst in the space CL(R). First we
note that
lim
n→∞Tstϕn(x) = Tstϕ(x), 0 ≤ s < t ≤ T, x ∈ R,
for every sequence of functions ϕn ∈ CL(R) such that
sup
n
‖ϕn‖ <∞ and lim
n→∞ϕn(x) = ϕ(x), x ∈ R.
This property easily follows from Lebesgue bounded convergence theorem and it
allows us to make all the following considerations, without loss of generality, under
the condition that the function ϕ has compact support.
Now we prove that the cone of nonnegative functions remains invariant under
the operators Tst, 0 ≤ s < t ≤ T .
Lemma 4.1. If ϕ ∈ CL(R) and ϕ(x) ≥ 0 for all x ∈ R, then Tstϕ(x) ≥ 0 for all
0 ≤ s < t ≤ T, x ∈ R.
Proof. Let ϕ be any nonnegative function in CL(R) with compact support. If
ϕ ≡ 0, then the assertion of the lemma is obvious. Consider now the case where
the function ϕ not everywhere equals zero. Denote bym a minimum of the function
Tstϕ(x) in the domain (s, x) ∈ [0, t]×R and assume that m < 0. By the minimum
principle ([15, Ch. II]), the value m can be attained only when (s, x) ∈ [0, t]× {0}.
Fix s0 ∈ [0, t] such that Ts0tϕ(0) = m. Then the following inequalities hold:
γ(s0)Ts0tϕ(0) ≤ 0,
∫
D1∪D2
[Ts0tϕ(0)− Ts0tϕ(y)]µ(s, dy) < 0.
Consequently,
Ls0Ts0tϕ(0) < 0.
Since, however, the condition (1.7) holds, we get a contradiction. This completes
the proof of the lemma.
Pasting of two one-dimensional diffusion processes 237
By similar considerations to those in proof of Lemma 2, it can be easily verified
that the operators Tst are contractive, i.e.,
‖Tst‖ ≤ 1, 0 ≤ s < t ≤ T.
Finally, we show that the operator family Tst has a semigroup property
Tst = TsτTτt, 0 ≤ s < τ < t ≤ T.
This property is a consequence of the assertion of uniqueness of the solution of
the problem (1.4)–(1.7) which we have already established above. Indeed, to find
u(s, x, t) when lim
s↑t
u(s, x, t) = ϕ(x), the problem (1.4)–(1.7) can be solved first in
the time interval [τ, t], and then with the “initial” function u(τ, x, t) = Tτtϕ(x),
we derived, it can be solved in the time interval [s, τ ]. In other words, Tstϕ(x) =
Tsτ (Tτtϕ)(x), ϕ ∈ Cb(R), i.e., Tst = TsτTτt.
The properties of the operator family Tst, proved above, implies (see [5, Ch. II,
§1]) the next theorem.
Theorem 4.2. Let the conditions of Theorem 1 hold. Then the two-parameter
semigroup of operators Tst, 0 ≤ s < t ≤ T , defined by formula (4.1) describes
the inhomogeneous Feller process in R, such that in D1 and D2 it coincides with
the diffusion processes generated by A(1)s and A
(2)
s , respectively, and its behavior on
S = {0} is determined by the boundary condition (1.3).
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